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Radiometer Equation and Analysis of Systematic Errors for the NIST Automated Radiometers
W.C. Daywitt

Equations used in the NIST coaxial and waveguide automated radiometers to estimate the noise
temperature and associated errors of a single-port noise source are derived in this report. These
equations form the foundation upon which the microwave and millimeterwave noise calibration and

special test services are performed. Results from the 1-12 GHz coaxial radiometer are presented.

Key words: calibration; error analysis; microwave; millimeterwave; noise temperature; radiometer.

1. Introduction

The Electromagnetic Fields Division of the National Institute of Standards and Technology (NIST) has
- two types of radiometers in operation at the present time, the switching and total-power radiometers. The
radiometer and error analysis equations for the WR90 and WR62 switching radiometers have been previously
described [1]. Similar equations for the automated, total-power radiometers are derived in this report. These
radiometers are designed to provide noise temperature calibrations and special test services for coaxial and
waveguide noise sources. The coaxial radiometer operates from 1 to 12 GHz in the following frequency
ranges: 350 MHz to 500 MHz, 500 MHz to 1 GHz, 1 to 2 GHz, 2 to 4 GHz, 4 to 8 GHz, and 8 to 12 GHz;
a separate r.f. front end being supplied for each of these ranges. Results from the 2 to 4 GHz range will be
presented in this report. The hardware and software aspects of the coaxial radiometer is presented in [2].

The millimeterwave radiometers are under construction, and consist of the WR10, WR15, WR22, WR28,
and WR42 waveguide bands,

A simplified schematic diagram of the system is shown in figure 1, where the directional coupler, isolator,
r.f. amplifier, and mixer represent any one of the front ends just mentioned, while the 6-port circuitry is
common to all frequency ranges. The system performs two functions. With the switch in the ‘up’ position
as shown in the diagram it operates as a radiometer with the measurement sequence determining both the
effective input noise temperature [3] T, of the system and the noise temperature T, of the DUT (device
under test) by comparison against the ambient T, and cryogenic T, noise temperature standards. With the
switch in the ‘down’ position it operates as a single 6-port, vector reflectometer for determining the complex
reflection coefficients of the DUT, the standards, and the input port of the system. In the radiometer mode,
switches at the system input (not shown in the diagram) alternately sample the noise temperatures T,,
T,, and T, at which time their respective down-converted, i.f. powers are determined by the detector. An
estimate of T, is made by inserting ratios of these powers and the reflection coeflicients into a radiometer
equation. A derivation of this radiometer equation along with the associated errors is the subject of this
report, and is based upon analytical tools to be found elsewhere in the literature [4], [5].



2. Radiometer Equation

A theoretical examination of the measurement technique leads to an equation relating 1) the various power
and reflection coefficient measurements made with the system to 2) the noise temperature of the DUT and
the two noise standards. When this equation is solved for the noise temperature T of the DUT there results
an equation which for convenience is called the radiometer equation. Figure 2 is a schematic diagram of

that portion of the system needed for the analysis, consisting of a front end between the noise sources T, '
and T,, and the switch at the receiver and 8-port inputs. This switch following the isolator is set to the
receiver position for the noise and asymmetry measurements, or to the 6-port reflectometer for the reflection
measurements. The front end switches (22 through 25 in the diagram) correspond to the identically numbered
switches in figure 3 of the operating manual [2]. The net i.f. powers P, Py, and P, detected by the power
meter are related to the r.f. spectral powers [3] pz, pa, and p, by the equation '

P; = ngs' (7' = z,qa, 3) . (2'1)

where g is the system gain at the measurement frequency and B is the system noise (or convolution [6])
bandwidth. The gain-bandwidth product in (2.1) will be dropped since only power ratios are needed in the
following analysis, and Boltzmann’s constant is set equal to unity in the following so that spectral powers
and noise temperatures may be used interchangably. When the DUT is connected to the system input at

switch 25, and switches 22 and 23 are in their ‘up’ positions, the spectral power delivered to the receiver is
pe = MyTeng + To(Nz — Mznz) + N T, (2.2)

where M, and N, are mismatch factors [4] at the ports indicated in the figure for different switch positions,
1z is the efficiency of the front end from port 3 to the isolator output, T, is the ambient temperature of the
switches, and T, is the effective input noise temperature of the receiver and power meter combination. The
second term in (2.2) accounts for the thermal noise generated in the switches and the igolator.

When switch 22 is in the ‘down’ position, the power is
Pa = NoaTa + NoT.. (2.3)
With switches 23 and 24 ‘down’ and switch 22 ‘up’ the power is

Ps = M,Tyn, + Ta(No - Ma'lc) + N,T.. | (2'4)

The following ratios are ¢alculated from the measured powers;

Yz = ps/Pa : (2.5)
and
Y,= Po/?a' (2'6)
Equations (2.3) through (2.6) can then be combined and lead to
Ty = Ta + (Mana/Mun)[(Yx = 1)/(Y, = 1))(Ts — Ta) + (AT:)1s0 (2.7)
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Figure 2. A schematic diagram of the automated radiometer’s r.f, front end.



where the last term is an uncertainty due to the finite isolation of the isolator in figure 2. This error is a result
of the different impedances seen by the receiver as the system samples power from the three noise sources.
This changing impedance affects both the spectral powers and the value of the receiver noise temperature
as reflected in the equation

(AT:)rs0 = (AT:)y + (AT:), (2.8)
where
(AT:)y = (Ta/Mzns)((Yz = 1)(N, = Na)/(Ys — 1) + No — Na] (2.9)
and
(ATz), = (1/Mana)|(Ye - 1)/(Y, - D)(N,Te — NLTe). (2.10)

The boldfaced portion of (2.7) (i.e. without the isolator error term) is the radiometer equation that relates the
 DUT noise temperature T, to the ambient and cryogenic noise temperatures (T, and T,) and the measured

Y-factor ratios and mismatch factors. More explicit expressions for the M’s, n’s, (AT, )rs0, To and T, will
be developed later.

Although the effective input noise temperature T, and the system gain g are not needed in the radiometer
equation, these parameters are monitored to help validate system performance. The Y-factor technique [7] is
used to obtain a rough estimate of the effective input noise temperature of the system at the receiver input in

figure 2 by switching between the cryogenic and ambient noise standards. The derivation is straightforward
and leads to

T, = (T, - YT,)/(Y - 1) - (2.11)

where Y is the measured ratio of: 1) the spectral power with the ambient source connected to the system
input; to 2) the spectral power with the cryogenic source connected to the system. The front-end switches
are assumed to be lossless and reflectionless for this estimate.

An approximate value for the system gain is also of interest and can be obtained from
9= PFo[k(Ts +T.) B (2.12)

where P, is the power at the power meter with switch 22 in the ‘down’ position, and k is Boltzmann’s
constant. The noise bandwidth B is measured before the radiometer measurement, and is stored in the
system software for use in (2.12).




8. Cryogenic Standard Error

The DUT noise temperature error §T; due to an uncertainty §7, in the cryogenic standard is found by
differentiating the radiometer equation with respect to T,, multiplying the result by §7T,, and discarding
M, /M, and n,/n, since these two factors are close to unity. The corresponding relative error £, in the DUT
noise temperature is

& = 6To/Ts = (T)/T2) | (To — To)/(Ts — T) | (6T%/To). (3.1)

The last factor is the relative uncertainty in the standard noise temperature, and takes a different form for
the coaxial [8a] and waveguide [8b] noise standards.

The relative noise temperature uncertainty of the coaxial standard for frequencies between 1 and 12.4
GHz is [8a)
+0.23 +0.19

6T, /T, = (_0,29) + [(—0.12

)£0.05| T, ||f*/? £ 0.0036f % (3:2)

where f is the frequency in GHz, and T, is the reflection coefficient of the standard.

4. Ambient Standard Error

Ignoring the mismatch factors and asymmetry ratio in the radiometer equation shows that an uncertainty
of 6T, in the ambient standard output leads to a relative error £, of

ea = (Ta/Tz) l 1- (Tz - Ta)/(Td - Ta) l (5Ta/Ta) (4'1)

where 6T, /T, is the relative uncertainty in the ambient standard output. With an assumed value of £0.25 K
for 6T, and a nominal value of 297 K for T,

§Ta /T, = 0.17 %. (4.2)



5. Power Ratio Error

By ignoring the mismatch factors and the asymmetry ratio, the first-order differential of the radiometer
equation with respect to the Y ratios leads to a relative error £, in the DUT noise temperature equal to

& =|1-Ta/T: | §((Yz — 1)/(Y, - 1)]/{(Yz — 1)/(Y, — 1)]. (5.1)

Previous tests [9] have shown that the NBS Type IV power bridge [10] is capable of measuring power
ratios to better than +0.002 dB, and that the error is random and independent of the value of the ratio.
The test described in reference [9] was repeated (using a non-precision attenuator) on the present radiometer
with the 2-4 GHz front end, and resulted in an error of +0.015 dB (see figure 3). Although it is thought
that most of the error appearing in figure 3 is due to the non-precision r.f. attenuator, for the present an-
error of £0.01 dB for the uncertainty of the ratio in (5.1) is assumed. This results in a 0.23% error in the

last factor of (5.1), and an error in the DUT temperature of

£,=023|1-T,/Ts | %. (5.2)

6. Mismatch Factor Error

Approximate expressions for the mismatch factors M, and M, can be obtained by using figure 2 and
expressing the complex reflection coefficients appearing there in terms of their real (z) and imaginary (y)
parts:

M, = (1- | T, *)(1- | Ts [})/| 1 - TsT, *

=1— (22 — 23)° — (v + y3)°

(6.1)

and

M, = (1~ [T, )1~ |To *)/| 1~ T,T, |7

=1 - (z, — 20)* — (3 + 0)°. (©2)

Combining these equations leads to

Ma/Mz =1- (zo - -'50)2 - (ya + 3!0)2 + (zz - 33)2 + (yz + y3)2' (6'3)
The relative first-order uncertainty in this ratio is
§[(M, M)/ (M, [M,) = 2|[(z, — 23) (62, — 623) — (2, — 20) (82, — 620)

(6.4)
+ (yz + y3)(8yz + y3) — (ys + o) (Sys + 6y0)].

Numerous 6-port reflectometer measurements at 94 GHz in the WR10 waveguide band and in the 2-4
GHz frequency range indicate that the systematic errors in = and y are less than +0.005. These values are
assumed to apply in the present case until 2 more complete error analysis of the 6-port measurements can be
performed. Assuming the systematic errors to be independent of the magnitude of the real and imaginary
parts of the reflection coefficients, only the last two terms of (6.4) survive, leading to

S[(Mo/M:))/ (Mo /M:) =| yz + y3 = ¥ — w0 | %. (6.5)

The form of the radiometer equation shows that the relative error £, in T;; due to mismatch uncertainty
is given by

Em = 8[(M, [ M)/ (M, /M) (6-6)
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Figure 8. The noise source at ihe top of the figure terminates a precision variable-vane r.f. attenuator. Two
Y factors, Y, and Y», are determined by the Type-IV power meter for two different settings of
the attenuator corresponding to an attenuation difference of A in dB. If the attenuator and power
meter are error free, these quantities are related by the equation at the bottom of the figure. The
actual error £ is the difference between the left and right hand members of this equation, and is
plotted in mdB along the ordinate. )

7. Asymmetry Measurement and Error

The presence of the efficiency ratio n,/n, in (2.7) is due to the asymmetry in path efficiencies between the
path from port 3 (see fig 2) to the receiver and the path from port 0 to the receiver. The measurement of
this asymmetry is performed by using two solid-state noise diodes in the setup shown in figures 4a and 4b,
which are simplified schematic diagrams of the portion of the system preceding the receiver in figure 2. With
diode No. 1 (Tz1) connected to port 3 (fig 4a) and switches 22, 23, and 25 in the ‘up’ position, the power




delivered to the receiver is

Dz1 =leﬂz(Tzl —Ta)+NTa+NT¢ (7.1)

where M,; and N are mismatch factors at the ports shown, T, is the ambient temperature of the two _switches
and the isolator, and N'T, is the effective input noise temperature of the receiver. Sufficient isolation is present
to insure that the mismatch factor at the isolator-receiver junction remains constant, independent of the
switch positions. With switches 23 and 24 ‘down’

Pz2 = Mz2’h(T12 - Ta) + NT, + NT, (7-2)
and with switch 22 ‘down’
pa = NT, + NT.. (7.3)
Equations (7.1), (7.2), and (7.3) can be combined to give
Ns /7’.1: = (le/MzZ)ITzl - Ta)/(Tzz - ‘Ta)](Y::Z - 1)/(Yz1 - 1) (7'4)

where Y,; is the measured ratio of py2 to p,, and Y,z is the ratio of p.1 to pa.

The two noise diodes are interchanged and the process repeated (fig 4b), yielding
Ne/nz = (Maa/ M) [(Tez = Ta)/(Ter = Ta)|(Yar — 1)/(Yz2 - 1) (7.5)

where Y, is the ratio of pl,; to ps, and Y, is the ratio of p}; to p,.

After multiplying (7.4) and (7.5) together and taking the square root, ’
Mo /e = {[Mar Ml / Moz ML) (Yez — 1)(YViy = 1)/[(Yar — 1)(¥dz — D]P/2. (7.6)

Equation (7.8) is used to determine the path-asymmetry ratio, with the mismatch factors determined by
6-port reflectometer measurements.

The relative error &5, in the DUT noise temperature can be estimated by taking the first-order differ-
ential of (7.6) with respect to the asymmetry ratio, and leads to

Eaa =‘ 1- Ta/Tz I 6('13/'71:)
=023|1-T,/T. |60 %

where §A is the dB uncertainty in the asymmetry ratio.

(1.7)

A (see fig 3) has only been estimated for the 2-4 GHz band, resulting in a value of & 0.01 dB. This value
was determined from the following three pieces of information: 1) when the asymmetry ratio was measured
at 100 MHz steps across the 2-4 GHz frequency range it was found to lie within a £ 0.01 dB spread (ns /1=
within the range from 0.998 to 1.002) and to be randomly distributed; 2) when the attenuation of a 3 dB
pad was measured by performing an asymmetry measurement with and without the pad at one of the ports
its value was within 0.01 dB of the value measured by a dual 6-port ANA; and 3) when a noise diode
was calibrated with and without the 3 dB pad between the diode and the system input, the resulting noise
temperatures (~ 10000 K) agreed to within 10 K. If this entire 10 K difference were attributed to asymmetry
ratio uncertainty the uncertainty would be less than 0.004 dB. Therefore, (7.7) with a (§A) of +:0.01 dB for
the 2-4 GHz frequency range appears to be safe and leads to

600 =023 |1 -T, /T, | %. (7.8)







